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CONSTRUCTIVE NEGATION BY PRUNING

FRANCOIS FAGES

> We show that a simple concurrent pruning mechanism over standard SLD
derivation trees, called constructive negation by pruning, provides a com-
plete operational semantics for normal constraint logic programs (CLP)
w.r.t. Fitting-Kunen’s 3-valued logic semantics. The principle of concur-
rent pruning is the only extra machinery needed to handle negation, in
particular there 1s no need for considering complex subgoals with explicit
quantifiers outside the constraint part.
The main result of the paper is the definition of a fixpoint semantics for nor-
mal CLP programs which is fully abstract for the observation of computed
answer constraints. This allows to generalize the s-semantics approach to
normal CLP programs, and provides a fixpoint characterization of Kunen’s
semantics. The definition is based on a non-ground continuous finitary
version of Fitting’s operator.
We relate also these results to an important aspect of CLP programming
practice: optimization. We investigate various forms of goal optimization
within CLP languages, and provide a declarative semantics for them via a
translation to normal CLP programs. We show that constructive negation
by pruning specializes for these classes of programs to a more efficient

concurrent branch and bound like procedure. <
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1. INTRODUCTION

Constraint logic programming and concurrent constraint programming are simple
and powerful models of computation that have been implemented in several systems
over the last decade, and proved successful in a variety of applications ranging from
combinatorial optimization problems to complex system modeling [16]. Extending
these classes of languages with a negation operator is a major issue as it allows the
user to express arbitrary logical combinations of relations.

Negation in logic programming has been extensively studied due to the prob-
lems of non-monotonicity and non recursive enumerability of the canonical model
approach [1] [19]. On the theoretical side these difficulties have been satisfactorily
solved by Kunen [18] and Fitting [12] who proposed to define the declarative se-
mantics of a program by the set of the 3-valued logical consequences of its Clark’s
completion, and to construct fixpoint semantics in the semi-lattice of partial in-
terpretations. On the implementation side, most constraint logic programming
systems allow restricted forms of negation, but the operational mechanism based
for instance on negation by failure is too weak w.r.t. Kunen’s logical semantics,
and the restriction to negative goals containing no variable doesn’t fit well with
constraint programming. Other ad hoc mechanisms are thus added in most CLP
systems for dealing with optimization predicates for instance [28§].

Constructive negation, as introduced by Chan [6] [7] for logic programs, and gen-
eralized to CLP programs by Stuckey [26], provides an operational mechanism that
is correct and complete w.r.t. Kunen’s three-valued logical semantics of programs
with negation. However the schemes proposed by Chan and Stuckey are not easily
amenable to a practical implementation as they necessitate dealing with explic-
itly quantified complex subgoals, and computing the disjunctive normal form of a
complex formula at each resolution step with a negative subgoal. The compilative
version proposed by Bruscoli et al. [5], named intensional negation, performs all
disjunctive normal form transformations once and for all at compile time, but still
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all quantifiers need be explicit at run time and derivation rules need be defined for
complex goals.

In this paper we present a scheme for constructive negation based solely on
a pruning mechanism over standard SLD-derivation trees, without the need for
considering explicitly quantified complex subgoals outside the constraint part. The
formalism we develop is based on a simple frontier calculus. The resulting execution
model 1s essentially equivalent to the one proposed independently by Drabent for
normal logic programs [8]. We argue that this scheme is simple enough to lead to
practical implementations as the principle of concurrent pruning is the only extra
machinery needed to handle negation.

The main result of the paper is the definition of a fixpoint semantics for nor-
mal CLP programs which is fully abstract for the observation of computed answer
constraints. The definition is based on a non-ground continuous finitary version
of Fitting’s operator, that is similar to (yet different from) the operators studied
in [26], [5] and [3]. This result allows to generalize the s-semantics approach [4]
to normal CLP programs. It provides also a fixpoint characterization of Kunen’s
semantics.

In the last section we relate these results to an important aspect of CLP pro-
gramming practice: optimization. We investigate various forms of goal optimization
within CLP languages, and provide a declarative semantics for them via a trans-
lation to normal CLP programs. We study these special classes of normal CLP
programs and derive from the general scheme of constructive negation by pruning
a more efficient concurrent branch and bound like procedure, that is proved correct
and complete without any restriction on the degree of nesting of, and on the degree
of recursion through, optimization predicates in the program.

2. PRELIMINARIES AND NOTATIONS

We recall the basic concepts of constraint logic programming (CLP) as defined in
[15], with some different emphasis due to our interest in negation. Concerning the
declarative semantics of CLP programs we focus on the logical semantics instead of
the algebraic semantics which is highly undecidable, doing so some conditions such
as solution compactness [15] become irrelevant. We adopt also the point of view of
[13] and [20] that for a programming language the observation of computed answer
constraints is a more natural choice of observable than the success set considered in
[15], and that the formal semantics of CLP programs should characterize the set of
computed answer constraints. We shall thus present formal semantics accordingly
with sets of constrained atoms [4]. Before that we fix notations and make precise the
constraint languages and structures considered for CLP programs with negation.

2.1. Constraint Languages with Negation

The first-order language of constraints is defined on a countably infinite set of
variables V' and on a signature ¥ composed of a set of predicate symbols containing
true and =, and of sets of n-place function symbols for each arity n (constants are
functions with arity 0). A primitive constraint is an atomic proposition of the form
p(t1,...,tn), where p is a predicate symbol in X and the ¢;’s are T, V-terms. A
constraint is a well-formed first-order X, V-formula. The set of free variables in an
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expression e is denoted by V(e). Sets of variables will be denoted by X, Y, ... and
we shall sometimes write e(X) if V(e) = X. For a constraint ¢, we shall use the
notation Je (resp. Ve) to represent the closed constraint 3X ¢ (resp. VX ¢) where
X =V(e).

The intended interpretation of constraints is defined by fixing a X-structure A.
An A-valuation for a X, V-expression is a mapping ¢ : V — A which extends by
morphism to terms and primitive constraints. Logical connectives and quantifiers
are interpreted as usual, a constraint ¢ is A-solvable iff A |= Fe.

It is not necessary for our purpose to suppose that A is solution compact [15]
[21], we suppose only that the constraints are decidable in A, so that A can be
presented by a decidable first-order theory th(A), i.e. satisfying:

1. (soundness) A | th(A),
2. (satisfaction completeness) either th(A) = Je or th(A) E —3e, for any
constraint c.

As a constraint is any X, V-formula, these conditions are equivalent to say that
th(A) is a complete first-order theory, and thus that all models of th(.A) are ele-
mentary equivalent. For example, Clark’s equational theory CET (augmented with
the domain closure axiom DCA if the signature is finite) provides such a complete
decidable theory for the Herbrand universe with first-order equality constraints [17].

In practice however, the language of constraints will often be a restricted class of
3, V-formulae, assumed to be closed only by renaming, conjunction and existential
quantification, not by negation. Stuckey [26] calls such a restriction a language
of admissible constraints, which intuitively represents the constraints the solver
can deal with. A structure A is then said to be admissible if the negation of an
admissible constraint i1s equivalent to a disjunction of admissible constraints:

AEVX(3Y(X,Y) < 32 di(X,Z0)V ...V 32, dn(X, 7))

For the sake of simplicity, we shall assume in this paper that the language of
constraints is closed by negation, but we shall indicate latter in section 6 how our
scheme can be easily modified to deal with admissible constraints only, when the
structure A is admissible.

2.2. CLP(A) Programs

CLP(A) programs are defined using an extra finite set of program predicate sym-
bols II disjoint from constraint predicate symbols ¥X. An atom has the form
p(t1,...,tn) where p € I and the t;’s are X, V-terms. A literal is either an atom
(positive literal) or a negated atom —A (negative literal).

A definite (resp. normal) CLP(A) program is a finite set of clauses of the form
A «—c¢|Ly,...,L, where n >0, A is an atom, called the head, ¢ is a constraint, and
L1, ..., Ly are atoms (resp. literals). The local variables of a program clause is the
set of free variables in the clause which do not occur in the head. A definite (resp.
normal) goal is a formula ¢|Ly, ..., L, where Ly, ..., L, are atoms (resp. literals).
We will identify conjunction “,” and multiset union, greek letters, «, 3,... will be
used to denote multisets of literals, so that a goal (resp. a clause) will be sometimes
written c|a (resp. A <« cla). We shall denote by a® (resp. o) the multiset of
positive (resp. negative) literals in «, and by O the empty multiset. The set of
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goals is denoted by G. In the rest of this paper we shall assume that all atoms
in programs and goals contain no constant, no function symbol and no multiple
occurrences of a same variable. Of course this is not a restriction as any program
or goal can be rewritten in such a standard form by introducing new variables and
equality constraints with terms. For instance the clause p(z + 1) — p(z) will be
written as p(y) — y =« + 1|p(x).

Following the s-semantics approach of [5], the formal semantics of definite CLP(A)
programs will be defined by sets of constrained atoms. A constrained atom 1s a
couple ¢|A where ¢ is an A-solvable constraint such that V(¢) C V/(A4). The set of
constrained atoms is denoted by B. A constrained interpretation is a subset of B.
The set of ground instances of a constrained atom over A is defined by:

[c|A]la={A4016:V — A, A b}

We denote also by [I]4 the set of ground instances of a constrained interpretation
I. A ground atom A6 is true (resp. false) in I if A6 € [I]4 (resp. A0 & [I]4).

Constraint entailment defines a natural preorder on constrained atoms, called
the covering preorder: c¢|A C d|A iff th(A) = ¢ — d. Note that as th(A) is a
complete theory, ¢|A C d|A is equivalent to [¢|A] 4 C [d|A] 4. The covering preorder
extends to sets of constrained atoms in two ways: strong covering (used for strong
completeness results),

ICJiffVe|AeId|A€ T th(A) Ec—d

and finite covering,

Iy JiffVelA €I Hdi|A, .., da|A} C T th(A) Ec— \/ d:.
i=1
The operational semantics of definite CLP(A) programs is based on a simple

transition relation on definite goals, defined as the least relation satisfying the
following SLD derivation rule:

SLD : cla,p(X), ¢ — cAci|a,a;, o

for each renamed clause p(X) «— ¢;|a; defining p in P such that A | J(c A ).
We note —* the reflexive transitive closure of —. A computed answer constraint
(c.a.c.) for a definite goal ¢|o is a constraint of the form Y d such that ¢ja —* d|D
and Y = V(d) \ V(c|a). An and-compositionality lemma (3.7) states that a c.a.c.
d for a composite goal ¢|Ay, ..., A, is of the form d = ¢ A /\?:1 ¢; where the ¢;’s are
c.a.c. for atomic goals true|A;. Thus the operational behavior of definite C'LP(A)
programs w.r.t. answer constraints is fully characterized by the following set of
constrained atoms:

O(P)={3Y¢c|p(X) € B : true|p(X) —="¢|0, Y = V(e)\ X}
Taking as logical semantics
L(P)={c|p(X)eB : Pth(A)Ec—p(X)}

we obtain the well-known soundness, O(P) C L(P), and completeness, L(P) C;
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O(P), results of SLD-resolution for definite C'LP(A) programs w.r.t. answer con-
straints [20] [13].

The logical semantics of normal C'LP(A) programs is defined via the Clark’s
completion of the program. The Clark’s completion of a CLP(A) program P is the
conjunction of th(A) with a formula P* obtained from P by putting in a conjunction
the following formula:

n
VX p(X) \/EIYi c; A\ oy
i=1
for each predicate symbol p defined in P with a set of clauses {p(X) — ¢i|ai}i<icn €
P, where V; = V(e]ay) \ X, and the formula VX —p(X) for the other predicate
symbols which don’t appear in any head in P.

The completion of a normal program can be inconsistent, e.g. with the program
P ={p — —p}, P* = (p < —p), in that case any constraint should be a correct
answer constraint for any goal. In order to define a faithful logical semantics for
normal programs, such contradictions must be localized in the program, the solu-
tion proposed by Kunen is to define the logical semantics as the set of 3-valued
logical consequences of P*,th(A). The usual strong 3-valued interpretations of the
connectives and quantifiers are assumed, except for the connective a <« b which is
interpreted as ¢ if @ and b have the same truth value (f, ¢ or u), and f otherwise (i.e.
Lukasiewicz’s 2-valued interpretation of —). In the previous example we can assign
the undefined truth value to predicate p so that u < —u is true, more generally
Fitting [12] showed that any normal logic program has a three-valued model.

The formal semantics of normal C'LP(.A) programs will be thus defined by par-
tial interpretations. A partial constrained interpretation (partial interpretation for
short here) is a couple of sets of constrained atoms, I =< It [~ >, satisfying the
following consistency condition: [IT]4 N[I7]4 = 0. The set of partial interpreta-
tions forms a semi-lattice for set inclusion on true and false constrained atoms, we
denote it by (Z,Cs). Tt is not a lattice as the union of two partial interpretations
may not be a partial interpretation due to the consistency condition. The preorder
C extends to partial interpretation by I T J iff IT C J¥ and I~ C J~. And
similarly for C;.

The (Kunen’s) logical semantics of a normal CLP(A) program P is defined as
the following partial interpretation:

L(P) =< LT(P),L(P) > where

LY (P)={c|p(X) e B : P*th(A) ks c— p(X)},

L7(P)={c|p(X) e B : P*th(A) |Esc — -p(X)}.

3. CONSTRUCTIVE NEGATION BY PRUNING

3.1. Procedural Interpretation on SLD Derivation Forests

Constructive negation by pruning can be presented informally as a simple pruning
mechanism over standard SLD-derivation trees. The idea to resolve a goal ¢|a, A
where — A is the selected literal is to develop concurrently two SLD-derivation trees,
one ¥, for ¢|a, (—A) in which =4 is not selected, and one ¥4 for ¢|A (see figure 1).

Once a successful derivation is found in ¥s, say with answer constraint d, then
¥, is pruned by adding the constraint =3Y'd where Y = V(d)\ V(¢|A), to the nodes
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in ¥; where that constraint is satisfiable, and by removing the other nodes. This
operation is called “pruning by success” (PBS).

Once a successful derivation is found in ¥y, say with answer constraint e, we get a
successful derivation for the main goal with answer constraint f = e A /\?:1 —-3Y;d;
where ¥; = V(d;) \ V(c|A4), for each frontierl{di|ai}1si§n in ¥, such that f is
satisfiable (the deeper the frontier, the more general the computed answer). This
operation is called “success by pruning” (SBP).

The main goal is finitely failed if ¥y gets finitely failed after pruning (note the
crucial role of the PBS rule with this respect).

cla,-A

c| a,(—A) c| A

vy pruning by success
2N

success by

pruning

°
e|d, (—A) /_\ d| O Frontier
{di|ai}1§i§n
e|d, (mA) e NN, —3Y;d; |0

FIGURE 1. Constructive negation by pruning.

Ezample 3.1. The nesting of negation, and the importance of the PBS rule, can be
wlustrated by the following program:

p(X):- X=0.
p(X):— p(X).
q(X):- not p(X).

with the goal:
? not q(X)

1A frontierin a SLD-derivation tree is a finite set of nodes in the tree such that every derivation
in the tree is either finitely failed or passes through exactly one node of the frontier.
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As the query contains no positive literal the first derivation tree is initially
trivial. A second derivation tree is developed for true|q(X), that tree contains
one derivation to the goal true|—p(X), thus a third derivation tree is developed
for true|p(X). As X = 0 is a success for p(X), the second tree can be pruned
with X # 0 by using the PBS rule (note that the SBP rule doesn’t apply here as
any frontier in the third tree contains the goaltrue|p(X) whose constraint cannot
be negated). Then by negating the frontier in the second tree after pruning and
by applying the SBP rule we get a successful derivation for the query with answer
constraint X = 0.

truel(=q(X)) true|q(X)

SBP
true|(—p(X)) true|p(X)

truel(~g(X)) X = 0|0 ‘sz /\

X#0[(=p(X)) X =0[0 truelp(X)

3.2. Operational Semantics

3.2.1. Uniform Deriwvations We shall first define the operational semantics of
constructive negation by pruning with a simple calculus on frontiers of uniform
SLD trees, i.e. SLD trees such that a tree for ¢|a, o' is a combination of a tree for
c|lae and of a tree for c|a’.

The set of frontiers is the set P; (G) of finite sets of goals. The calculus is based
on a binary operator: the cross product of frontiers, x, and on a negation operator
for frontiers w.r.t. a set of variables V', noted =y F', which associates to a frontier ¥’
the constraint representing the negation of the projection on V of the constraints
in F.

Definition 3.2. Given two frontiers F = {c¢;|o; bier, F' ={d;15; }jer, let us define
ex P = {0} x F={(chclay) |iel, AET ()}
vIF = N3V, where Yy = V(e) \V

S(F)= {oeF|Ak3c)

S(F) is the set of successes in F. ¢ x F'is called the pruning of F' by constraint
¢, that operation will be used to formalize the “pruning by success” rule (PBS) of
the previous section.

One can easily check that (Pf(G),U, 0, x, {true|0}) is a commutative semi-ring:

x 1s associative and commutative, (1)

Fx0=0, (2)
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x distributes over U, (3)
furthermore, —y 0 = true, (4)
(~vF)x F=0, (5)
(P UFY = (v F) A=y F), (6)
(P X F) = (~y )V (~y ), (7)
S(F x F'y=8(F) x S(F'). (8)
Now the relation « € G x P; (G) which associates a frontier to a goal, can be
defined inductively as the least relation satisfying the following axiom and rules:

TRIV: cla <4 {c|a : AE3(c)}
RES: eNeplay 4« F1 . cAcg|ar 4 Fy
elp(X) @« FLU...UF}

where {(p(X) — ¢ilai)}i<i<k is the set of renamed apart clauses
defining p(X) in P such that A = 3(c A¢;), and we assume
(V(EH)\V(cAciay)) N X) =0 in order to avoid variable clashes.
clay a4 Fy clag a4 Fy

FRT:

R c|a1,a2 < F1><F2
where a1 # O, g # O and in order to avoid variable clashes
we assume Vi NV (a) =0, VaNV(a) =0, VinVa =10
where V1 = V(Fy) \ V(c|ar) and Va = V(F2) \ V(c|aa).
clA « F

PRN:
C|—|A d4 ¢ X {—W/S|—|A, ﬁvF|D}
where S C S(F) and V = V(c|A).

FIGURE 2. Inductive definition of the goal-frontier relation for uniform derivations.

Note that this presentation of the operational semantics is not in the SOS format
of Plotkin insofar as we do not specify a transition relation over states, correspond-
ing to elementary execution steps, but directly its transitive closure representing
the possible results of a computation?. Rule RES is the usual resolution rule for
positive literals. Rule FRT expresses the formation of frontiers by cross products (a
more standard operational semantics where frontiers are not formed by cross prod-
ucts but by elementary SLD resolution steps is studied in the next section). The

last rule called “pruning” (PRN) is the new inference rule introduced for negative

21t is of course possible to give an incremental SOS presentation of our system but we did not
find it elegant nor useful for our purpose. Similar difficulties have been noted for the definition of
SLDNF resolution (see [1]). An inductive definition of SLDNF resolution is given in [18].
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literals. The two elements of the inferred frontier formalize the pruning by success
rule (PBS) and the success by pruning rule (SBP) of the procedural interpretation
respectively®. Note that the negation as failure rule is the restriction of the pruning
rule to the case F' = 0 (if ¢|A <0 then ¢|=A4 «{c|=A4, ¢|O} by equation 4 and PRN).

Definition 3.3. A computed answer constraint (c.a.c.) for a goal |« is a constraint
of the form Y d such that cla <« {d|OYUF and Y =V (d)\ V(cla). A goal c|a
is finitely failed if c|lov < 0.

Ezample 3.4. Going back to example 3.1, the answer constraint x = 0 for the goal
true|-q(x) can be obtained by the following proof tree:

z=0|0«{z =0|0O} true|p(z) < {true|p(z)}
RES

true|p(z) « {x = 0|0, true|p(z)}

PRN
true|—p(x) < {x # 0|=p(z)}

RES
truelg(z) a{z # 0|]-p(z)}

PRN

true|—g(z) < {true|—g¢(z), « = 0|0}

By a simple inspection of the rules we can easily state several lemma on the
goal-frontier relation <. For some proofs we shall use the principle of structural
induction on proof trees for «, that is we shall show that a property holds for «,
simply by showing that it holds for the axiom TRIV, and for the conclusion of the
rules RES, FRT and PRN assuming it holds for the premises of these rules.

Lemma 3.5. (instantiation lemma) If c|lac < F' then for any constraint d there exists
a frontier F' such that e ANdlaa P and F/ =d x F.

Proor. The proof is by structural induction on a proof tree for ¢|a < F.

TRIV: We have F' = {c|a : A = Je}. By rule TRIV we have also ¢ A d|a < F' with

Fr={chdlae : AET(eAd)}=dx F.

RES: We have o = p(X) and F' = Uie[ F; where {p(X) — ¢;|a; bier is the set of
renamed rules defining p(X) in P such that A |= 3(c A ¢;), and ¢ A ¢;|a; < F;.
By the induction hypothesis we get ¢ A ¢; Ad|a; <d x F;. Let J C I be the
subset of indices such that ¢ A ¢; A d is A-satisfiable, then by the RES rule
we get c Ad|p(X) a F' with F' =J;c;dx Fy =dx ;e Fi =d x F.

FRT: We have oo = oy, s, |y < Fy, ¢lag < Fy and F' = Fy x Fy. By induction we
get ¢ Ad|ay <d x Fy and ¢ Ad]as <d x Fs, hence by rule FRT and equation
1 we have ¢ Ad|aad x F.

PRN: Wehave o = =A and F' = ex{-y S|=A, -y F"|0} with e|A<F", S C S(F"),
and V =V (c|4).
By the induction hypothesis we get ¢ Ad|A ad x F” so by the PRN rule we

3The fact that in the procedural interpretation the SBP rule need be applied only to successful
derivations in the main tree is justified at the end of this section (cf. prop. 3.12).
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have e Ad|=AaF' with F' = (e Ad) x {-v/(d x S)|=A, -y (d x F”)|O} and
V' =V UuV(d). Now
F' =ecx (d x {—yid V oy S|-A, —|V/d\/—|vF//|D}) by eq. 1 and 7,
=cX {d/\ ﬁvS|—|A, d N ﬁvF”|D}’
=dxex {—W/S|—|A, ﬁvF”|D}’
=dx F.
O

Lemma 3.6. (lifting lemma) If c|la @ F' then there exists F' such that true|o a F’
and F=cx F'.

ProoF. By structural induction, similarly to the proof of lemma 3.5. a

Lemma 3.7. (And-compositionality of uniform derivations)
clay,as <4 F if and only if there exist Fy and Fs such that trueloy <« Fy,
truelay <4 Fy, and F = ¢ x Fy X Fs.

ProoF.

= The proof is by cases on the root rule of a proof tree for ¢|ay, s < F'.

TRIV: we have ' = {c|ay, a2 : A |E Je}. By rule TRIV we can take F} =
{true|ay} and Fy = {true|as}, thus F'= ¢ x F} x F.

RES: we have a; = p(X) and a2 = O, by lifting lemma 3.6 we get true|p(X)«
Fy with F' = ¢ x Iy, and by rule TRIV we can take Fs = {true|0} so
thatF:CXF1XF2.

FRT: By lifting lemma 3.6 we immediately get F' = ¢ x F} x Fa.

PRN: same proof as for the RES case.

< By instantiation lemma 3.5, we get ¢|ay <¢ X Fy and ¢|as <e x Fa, hence by
rule FRT we have ¢|aq, ap < F with F' = (¢ x F) x (¢ x Fa) = ¢ x F} x Fa.

O

Corollary 3.8. (Canonical proof trees)*
Any derivation admits a canonical proof tree in which in each application of the
FRT rule, oy 1s a literal.

Proor. By taking the first literal of the goal for a; in lemma 3.7 we can build
recursively a canonical proof tree for any derivation. a

Corollary 3.9. (And-compositionality of computed answer constraints)
d is a computed answer constrainl for the goal ¢|Ay, ..., Am, —~Ams1, ..., " Ap,
of and only if there exists computed answer constraints cy,...,c, for the goals
truelAy, ... true|Ap, true|= A1, ..., true| = A, respectively, such that d = ¢ A
NP, ¢i s A-satisfiable.

Proor. By n applications of the lemma. O

Uniform derivations can thus be decomposed into elementary derivations, one for
each literal in the query. That fundamental property does not hold for arbitrary
SLD derivations, but we shall show in the next subsection that any finite SLD
derivation can be extended to a uniform derivation (theorem 3.19).

4Canonical proof trees will be used only in the proof of lemma 3.18.
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Lemma 3.10. (finite failure lemma) If ¢ is a computed answer constraint for true|—p(X)
then c|p(X) < 0. Conversely, if c|p(X) < 0 then there exists a computed answer
constraint d for true|-p(X) such that A= c¢—d.

ProOF. First let us suppose true|-p(X) <« F withd|0 € S(F),c=3Yd, Y = V(d)\
X. Necessarily the PRN rule is applied at the root of a proof tree for true|-p(X) <
F| hence we have true|p(X) <« F' with F' = true x {-xS|-p(X), -x F'|0} and
S C 8(F'). Thus d = -xF’ = ¢. Hence by instantiation lemma 3.5, we have
clp(X) @« ex Fliand e x F/ = =x F' x F' =0 by eq. 5.

Conversely, let us suppose ¢|p(X) <. Then by applying the PRN rule we get
e|7p(X) < e x {true|-p(X),true|0}, hence ¢ is a c.a.c. for ¢|=p(X). Therefore by
corollary 3.9, there exists a c.a.c. d for true|-p(X) such that A= ¢ —d. DO

In view of these lemmas, the observation of finite failure on an atom is equivalent
to the observation of a success on the negation of the atom (lemma 3.10), and the
computed answer constraints for a goal can be retrieved from the computed answer
constraints for the unconstrained literals that appear in the goal (lifting lemma
3.6, and corollary 3.9). Therefore we can define the operational semantics of the
program as the set of computed answer constraints for unconstrained literals solely.

Definition 3.11. O(P) =< OT(P),0~(P) >
O (P)={c|p(X)€ B : cisa c.a.c for the goal true|p(X)}
O (P)={c|p(X) € B : cisacac. forthe goal true|-p(X)}

Note that in the procedural interpretation of the previous section the SBP rule
need be applied only to the success nodes in the main tree, not to all nodes as in
the PRN rule. This difference obviously does not affect successful derivations in
the main tree, nor does it affect the negation of a frontier in that tree:

Proposition 3.12. (negation of frontiers obtained by the PRN rule) Let U,V be two
sels of variables and S, F be two frontiers s.i. S C F. Then -y {-vS|a,—v F|3} =

—u{-vSlat.

ProoOF. Let F = {c¢;|o;}ier, and S = {¢j|ej}jer where J C I. For all i € I let
Yi=V(e)\V and Z; = (V(e;) \ V) \U. We have
“v{-vSla, wF|BY = —u{jes Yol Ay mFYie| 5}
= Vjes 343V ¢j AV 3%:3Y5
= \/jeJ 37;3Y; ¢
= g {-v S|a}.
O
The successful derivations are thus the same in the procedural interpretation and
in the < relation. This shows that the operational semantics and the procedural
interpretation are indeed equivalent w.r.t. computed answer constraints.

3.2.2. Non-Uniform Derivations Standard SLD trees are formed by elementary
SLD derivation steps instead of cross products. Although not necessary for the rest
of this paper, it is thus interesting to study the goal-frontier relation « € G X P¢(G)
defined as the < relation except that the RES and FRT rules are replaced by the
standard SLD resolution rule, and the PRN rule is generalized to conjunctive goals.
The inductive definition of the <« relation is given in figure 3.
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TRIV: cla « {c|la : A e}

cher|a, a0 @ Fy . e Aegla,ap,of w0 Fy

SLD:
cla, p(X), o« FLU...UFy

where {(p(X) — ¢ilai)}i<i<k is the set of renamed clauses
defining p in P such that A = 3(c A ¢;),
and (V(F)\V(cAcla,a,a))NX =0.

clA « Fy cla, o« Iy

PRN:
cla,=A, o <« e x {=yS|=A, -y F1|O} x Fy

where S C S(F1), V = V(c|A) and (V(F2)\ V(c|e, /) NV = 0.

FIGURE 3. Inductive definition of the goal-frontier relation for non-uniform derivations.

Frample 3.13. Let P = {p(x) — 2 =0, p(x) —x =1, qlx,y) — p(x),p(y)}. We
have the following proof tree for the goal true|q(x,y):

r=1Ay=00x{z=1Ay=0|0}
r=1Ay=10«x{z=1Ay=1|0}

r=0lply) «{z =0pp(y)} z=1lpx{r=1Ay=0[0z=1Ay=1[0}

truelp(z), ply) «{x =0|p(y), t =1Ay=0|0, z =1Ay =10}

truelg(z,y) «{z = 0[p(y), * =LAy =0[0, z =1 Ay =1]0}

hence e = (x 20N (2 Z1V (y Z0Ay # 1)) is now a computed answer
constraint for the query true|—g(z,y). On the other hand we have

truelq(z,y) a{z = 0lp(y), = = 1lp(y)}, or

truelg(z,y)a{e =0Ay=0|0, x = 0Ay =10, s = 1Ay =0|0, z = 1Ay = 1|0}

but the answer constraint ¢ for true|—q(x,y) cannot be computed by a uniform
derivation, as p(y) cannot be developed in one branch and not in another as in
a non-uniform derivation.

Definition 3.14. Let us define the operational semantics for non-uniform deriva-
tions as O(P) =< OF(P), O~ (P) > where
OH(P)={c[p(X) € B : cis aw-c.a.c. for the goal true|p(X)}
O~ (P) ={c[p(X) € B : ¢ isa<w-ca.c. for the goal true|-p(X)}

Not surprisingly, one can easily check that uniform derivations can be simulated
by non-uniform derivations:

Proposition 3.15. If cla a9 F then clax F.
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ProoF. By structural induction on a proof tree for ¢|a < F. a
Corollary 3.16. O(P) C @(P)

Of course the previous example shows that the converse of that proposition
doesn’t hold but we can show that any non-uniform derivation can be extended to
a uniform derivation, and thus that computed answers obtained by non-uniform
derivations are covered by computed answers obtained by uniform derivations. For
this result an extra technical lemma is needed on uniform derivations.

Definition 3.17. Let V be a set of variables, and S, T be two sets of success goals.
The (strong) covering preorder w.r.t. V is defined by S Ty T iff for all c|D € S
there exists d|0 € T s.t. Al FYe — 37d where Y = V(c)\V and Z = V(d)\V.

Lemma 3.18. Let clo be a goal and V = V(c|a). If cla <« F and c|la a F' then
there exists F" such that cla « F" with S(F) Cy S(F'), S(F') Cv S(F"),
A=y F =~y F" and Al =y F' — —y F"

Proor. The proof is by structural induction on the cartesian product of canonical
proof trees (cf. proposition 3.8) for cJa <« F and ¢|a <« F'. As the rules RES, FRT
and PRN are mutually exclusive there are only 5 cases.

TRIV — We just have to take F"' = F'.
— TRIV We take F// = F.

RES-RES Then o = p(X), let {p(X) — ci|artrex be the set of clauses defining p in
P s.t. ¢ A ¢ 1s A-satisfiable. We have F' = UkeK Fy, with ¢ A eg|ag, < Fy, for
all k€ K, and F' = UkeKFlé with ¢ A eplag < Fy for all k € K.

By the induction hypothesis for all ¥ € K there exist F}' such that ¢ A
Ck|0zk <1Flé/, S(Fk) EV S(Flé/), S(Flé) EV S(Flé/), ./4 ': —|ka — ﬁvFél and
AE-vF, — v F].

Hence by the RES rule we get ¢[p(X)<F" with I = {J; cx F}/. Furthermore
S(F) = Upex S(Fr) Ev S(F"), and similarly S(F') Ty S(F"'). We have
also I = N\yeg v and ~v " = N v I by eq. 6, thus A =
v F — =y F” and similarly A E -y F/ — =y F.

FRT-FRT As the proof trees are canonical, we have o = L, a, ¢|L < I, c|lag 4 Fy,
F=F XFy clLal] clagaF} and F' = F| x Fi. Now let F” = F{' x FY/
where ¢|L a F]" and c|ag < Fy are given by the induction hypothesis, by the
FRT rule we have c|a <« F" and we easily check that the rest of the induction
hypothesis is satisfied.

PRN-PRN Here a = =A, F' = ¢ x {-v51|-4, =v F1|0} with ¢|]A<Fy, S; € S(Fy), and
F’'=c¢x {_W/S2|_|A, _|sz|‘:|} with C|A<1F2, SZ g S(Fz)

By the induction hypothesis there exists Fy' such that ¢|A « F}', S(F}) Cv
S(F{", S(F2) Cy S(F{), AE~vF — —~vF/ and A |E —vF — v F/.
Now let F"' = ¢ x {-vS|=A, —v F{ |0} where S = S(F{"). By the PRN
rule we have ¢|=A4 « F'| furthermore S(F") = {c A -y F{/|O} Oy S(F),
similarly S(F') Cy S(F"). Finally by proposition 3.12 we have - F =
—eVV es, 3Yss and —v I = eV ge g FVss where Yy = V(s) \ V, thus
AE-vF — =y F” and similarly A | =y F' — —y F".
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Theorem 3.19. (Extension to uniform derivations) Let G be a goal and V = V(G).
If G« F then there exists F' such that GaF', S(F)Cy S(F') and A|E —~vF —
-y P

ProoF. The proof is by structural induction on a proof tree for G <« F'.

TRIV: We take F/ = F.

SLD: Wehave G = a,p(X), o', F' = | cx Fr where {p(X) — c|az}rex is the set
of clauses defining p in P such that A |=3(c Acy), and e A cg|a, ap, o « Fy.
By induction for all k& € K there exist F} such that ¢ A ex|or, oo, & < FY,
S(Fk) C S(Flé) and A E —Fp — _'Flé'
By lemmas 3.7 and 3.5, for all k¥ € K there exist F}' and F}” such that
eNeglag < FY ela,of « FY and Fy = F}/ x F}/'.
Hence by the RES rule we get

clp(X)« | Y.
keK

Furthermore by lemma 3.18 there exists F’" such that
cla, o « P

and for all £ € K S(Fzé”) Cv S(F") and A _‘VF]é// — Sy P, Let
P = UkeK Fl! x F"' by the FRT rule we get

cla, p(X), o’ a F’

Now S(F) = Ugex S(F%)
Cv e SO
Cv Uper SUFY) x S(FY") by eq. 8
Cv Urer SUF) x S(7)
Cyv S(F’) by eq. 8.
Furthermore -y F' = A, =v F by eq. 6,
thus Al v F — N\cg v F"EV v F"k by eq. 7
AE v F = Npeg v F"kV =y P
AE-vF — =y F' byeq. 6 and 7.

PRN: We have G = c|o, 0 A, o, F = ex{-v S|-A, ~v F1 |0} x Fy with S C S(F),
c|]A«F; and c|a, o’ « Fs. By induction there exist F| and FY such that
c|AaF], ela, o’ aFy S(F1) By S(FY), S(F2) By S(FY), Al —v P — —w F]
and A = -y Fy — v FY. Let F' = ¢ x {-vS(F))|-4, ~v F[|0} x F}, by
the PRN rule we have G < F’ and we easily check that S(F) Cy S(F') and
A E -y F — =y F' by proposition 3.12.

O
Corollary 3.20. @(P) C O(P).

4. FULLY ABSTRACT FIXPOINT SEMANTICS

In this section we define a continuous non-ground variant of Fitting’s operator for
constraint logic programs. We show that the least fixed point of that operator is in
fact equal to the operational semantics of constructive negation by pruning. Such
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a full abstraction result allows to generalize the s-semantics approach [4] to normal
CLP programs. We first recall the definition of Fitting’s operator ®f.

Given a IT — X-algebra A, the A-ground base B4 = [B]4 is the set of ground
instances of the base B of constrained atoms. A partial ground interpretation is a
couple I =< IT I~ > such that /T, I~ C B4 and IT NI~ =0. A ground atom A
is true (resp. false) in I iff A € I'T (resp. A € I7). A constraint is true in I if it is
true in A. A first-order ¥ — TI-formula 1 is true in I, noted I |=3 v, if it is true
under the usual strong three-valued interpretation of the logical symbols. The set
of partial ground interpretations forms a semi-lattice for set inclusion on true and
false atoms, we denote it by (GI, Cs).

Definition 4.1 [26][18][12]. Let P be a normal CLP(A) program, the immediate
consequence operator <I>ﬁ :GI — GI is defined by:
<I>ﬁ+(f) = {A € B4 | there exist a clause in P, p(X) — ¢|a,
and a valuation 0 such that A = p(X)0 and I =3 (¢ A )0}
QAT ()= {A € Ba | for any clause in P, p(X) — c|a,
and any valuation 6 such that A = p(X)@ then I =3 —(c A a)f}.

<I>ﬁ is a monotonic operator in the semi-lattice of partial ground interpretations.
It thus admits a least fixpoint which is the least three-valued 4-model of the pro-
gram’s completion [12]. Tt is not continuous however, so its power at ordinal w is
generally not a fixpoint (cf. example 4.3).

In order to abstract from a given algebra A and to prove completeness results,
Stuckey [26] defined a non-ground version of Fitting’s operator based on partial
constrained interpretations. In his definition the downward closure of constrained
atoms by their instances prevents however a characterization of the operational
behavior of the program w.r.t. answer constraints. Furthermore the operator of
Stuckey is not continuous either, so it doesn’t provide CLP programs with a fixpoint
semantics.

The idea of the operator Tp for obtaining a fully abstract fixpoint semantics
is simply to take the finitary, hence continuous, non-downward closed constraint
based version of Fitting’s operator. So a constrained atom will be true (resp. false)
in Tp(I) if the constraint in the constrained atom is a combination of constraints in
a finite part of I which validates the body of a program clause for the atom (resp.
invalidates the body of all program clauses for the atom).

Definition 4.2. Let P be a CLP(A) program. Tp is an operator over 28 x 25 de-
fined by Tp(I) =< TF (1), Ty (I) > where:

TE(I) = {e|p(X) € B : there exist a clause in P with local variables Y,
p(X) — d|A1, ceny Am, _|Am+1, ceny _|An.
61|A1, ...,Cm|Am € I+, Cm+1|Am+1, ...,Cn|An el
such that c = 3Y d A N/_, ¢; is A-satisfiable}

T (I) ={c|p(X) € B : for each clause defining p in P with local variables Yy,
p(X) — dk|Ak71, ceny Ak,mk, Ozz_, Oz];.
there exist ep 1|Ap 1, -, €bmp|Abmy, €17,
ek,mk+1|Ak,mk+1a ceey 6k,nk|Ak,nk € I+7
where for myp +1 < j < nyg, = Ay ; occurs m o,
such that ¢ = N\, VY5 (—~dyp V /72, er ;) 1s A-satisfiable}.

Note that in the definition of TILI', for each literal in the body of a program clause
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defining p, exactly one constrained atom is taken in /. In the definition of 75, if
p 1s not defined in P then we have ¢ = true, otherwise for each clause defining
p, a finite number of constrained atoms are taken in I to invalidate the body of
the clause. Note that for each positive literal in the body at most one constrained
atom is taken in 17, whereas for each negative literal a finite number of constrained
atoms can be taken in /T. This is crucial for the completeness w.r.t. the logical
semantics. For instance, with the program P:

p — =q(X).

g(X)—X >0.

(X)) — X <0.
we have T (0) = {X > 0]¢(X), X < 0]¢(X)} and T (Tp(0)) = {true|p}. If in the
definition of T only one constrained atom was taken in It for a negative literal
in the clause, then p would not be false in the iteration of Tp. Allowing to take
similarly a finite number of constrained atoms in I~ for a same positive literal,
instead of at most one, would not change the definition of T~ as we shall see that
the finite powers of Tp are closed by disjunction on false atoms (proposition 5.5).

Ezample 4.3. Let us consider an example over the Herbrand domain formed with
a constant 0 and an unary function symbols s. Clark’s equational theory CET
augmented with the domain closure axiom DCA is a complete theory for that
structure [21], in particular we have CET + DCA = (Vy @ # s(y)) — « = 0.
The following program is a classical example that shows that Fitting’s operator
<I>ﬁ 15 not continuous:

p(z) — z = s(y)lp(y).

q — p(x).

No atom is true wn the powers of <I>ﬁ and Tp. At ordinal w, all ground in-
stances of p(x) are false both in ®p T w and [Tp T w], whereas the atom q becomes
false in @A | w + 1 and stays undefined in [Tp | w +1]:

o (@4 1 a) (Tp | @)

0 0 0

1 {3(0)) {z = 0lp(a)}

2 B0, p(s(0)}  {o = 0lp(e),z = 0V = s(0)|p()}

o {p(s'(0) | 20} (2=0V..ve=s(0)p(X)]i>0)

| 7
w1 QU0 1200 {r=0v.ve=sO)p(X)]i>0)

The definition of @ﬁ([) based on valuations allows to infer that q is false in
<I>ﬁ T w4+ 1 whilst the definition of Tp based on finite subsets of I does not.

Proposition 4.4. Tp is an operator over partial interpretations.

ProoF. We just have to prove that if I is a partial interpretation, then [T (1)] N
(T3 (1)] = 0.
Let ¢|p(X) € T#(I) and 6 be any valuation of the variables in X such that cf is
true. There exists a clause in P, p(X) — d|A1, ..., Apm, 7 A1, ..., 7 Ap, such that
for all 1 < i < m there exists ¢;|4; € IT, for all m + 1 < j < n there exists
¢j|A; € I7, such that ¢ = 3Y(d A \i—; ¢;). As cf is true in A let p be a valuation
extending 6 to the variables in Y such that (d A A\;_, ¢;)p is true.

Let us suppose that there exists e|p(X) € Tp (I) such that ef is true. Then for
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the previous clause defining p there exists p < m and {e1|A41,...,e,|A,} € I, there
exists {ept1|Bps1, ..., €q| By} C IT, where forallp+1<j < ¢ B; € {An41,..., An},
such that e = VY (=d v \/;]':1 e;) is satisfied by 6. Hence (—d V \/;]':1 e;)p s true.

Now as dp is true, e; p must be true for some j € [1, ¢], with ¢;|A; € I~ for some
i € [1,m] (or ¢;]A; € It for some i € [m + 1,n]). Hence we have ¢;|4; € IT (or
¢;|Ai € I7) with ¢;p true, so we get a contradiction: ¢; A e; is satisfied by p and
we have ¢;|A; € IT and e;]A; € I™ (or ¢;|A; € I™ and ¢j|4; € I1), ie. I isnot a
partial interpretation. a

Proposition 4.5. Tp is monotonic in the semi-lattice (I7,Cs).

Proor. If I C3 J then IT C J* and I~ C J~, so it is straightforward to verify
that by definition of Tp we have both T3 (1) C T (J) and T (1) C T (J), thus
TP(I) Cs TP(J) O

Proposition 4.6. Tp is continuous in the semi-lattice (Z,Cs).

Proor. The result follows from the fact that an operator f over a powerset, mono-
tonic w.r.t. set inclusion, is continuous if it is finitary, i.e. Yo,y 2z € f(y) = Iy Cy
finite s.t. # € f(y'). From its definition Tp is clearly finitary. O

As Tp is continuous we can take the least fixpoint of Tp as the fixpoint se-
mantics of the program. We then show a strong equivalence theorem with the
operational semantics which shows that the fixpoint semantics fully characterizes
the operational behavior of normal CLP programs w.r.t. answer constraints.

Definition 4.7. (Fizpoint semantics) F(P)=Ifp(Tp) =Tp T w.

Mauain theorem 4.8. (Full abstraction for answer constraints computed by uniform

derivations) O(P) = F(P).
Proor.

Cs: We show more generally that if ¢|a < F" where o # O then, let V = V(¢|a),

1) if d|O0 € F then for each occurrence of an atom A4; in o, 1 < ¢ < m, there
exists ¢;|A; € F(P)T, for each occurrence of a negative literal = 4; in «,
m+1 < j < n, there exists ¢;|4; € F(P)~, such that 3V d = cAA\/—; ¢
where Y = V(d)\ V.

2) if =y I is A-satisfiable then there exist occurrences of atoms in «, let
Aty ..., Am, m > 0, such that for all 1 < i < m there exists ¢;|4; € F~,
and there exists n > m such that for all m +1 < j < n there exists
¢j|lA; € FT where —A; is a negative literal in «, such that -y F =
=eV Vi e

Therefore taking c|a = true|p(z) in 1) we get O(P)* C F(P)™T, and taking
clae = true|—p(z) in 1) we get O(P)~ C F(P)~. The proof is by structural
induction on a proof tree for ¢|o < F.
TRIV: 1) {d|D}¢ Fas F={cla : AfE3c} and o # O
2) We have F' = {¢|a : A |E=3e} and ~v F = —c.

RES: We have o = p(X) and F = Ule F; where {p(X) < ¢;|o;}1<i<k s the
set of renamed apart clauses defining p(X) in P with local variables Y;
such that ¢ A ¢; is A-satisfiable, and ¢ A ¢;|a; < F; for all 1 < i <k.

1) Let us suppose d|0 € F, then d|0 € F; for some ¢. By the induction



Constructive negation by pruning 19

hypothesis applied to ¢ A ¢;|a; <« F; we get that for each atom’s
occurrence A; (resp. negative literal’s occurrence —4;) in «;, 1 <
J < n, there exists e;|A; € F(P)* (resp. ¢j|A; € F(P)7) such that
AZd=cAhe; A /\;L:1 e; where Z =V (d) \ V(c A ¢la;).

Now let e = 3Y;(e; A /\;L:1 e;), then by the definition of T we get
that e|p(X) € F(P)*, thus 3Vd = 3Y;37d = c Ae.

2) Let us suppose - I is A-satisfiable. As -y F' = /\f:1 -y F; by eq.
6, -y F; is A-satisfiable for all 1 < ¢ < k. Let V; = V(e A ¢i|ay),
we have -y F = /\f:1 YYi—v, Fi, hence for all 1 < ¢ < k, -, F}
is A-satisfiable as well. By applying the induction hypothesis to
e N ei|la; < Fyy we get that for all 1 < i <k,

n;
y, Fy=—eV g Vv \/ Cj»
ji=1
where n; > 0 and for all 1 < j < n;, c;|A; € F~ (resp. c;|A; eFt)
where A; is an atom’s occurrence in oy (resp. —|A§» is a literal in o).
Now let d = /\f:1 VYi(—e; v \/?;1 cé), we get from the definition of

T5 that dlp(X) € F(P)~. Thus =y F = Ai_, YYi~y, F; = = V d.

FRT: We have o = ay, s, c¢|lay < Iy, claga Fy and F = Fy x Fy. Let V] =

PRN:

V(c|ay) and Va = V(c|aa).

1) If d|O0 € F then there exist d1|0 € Fy and d2|0 € Fy such that
d=dy Ndy. Let Y = V(d)\ V(c|la), Y1 = V(d1) \ V(c|ar) and
Ya = V(d2) \ V(c|az). By the hypothesis on variable clashes in
the FRT rule we have Y d; = 3Y1d; and Y dy = IYsd,, therefore
3Yd = AY1d; A FYads. Now the induction hypothesis 1) applied to
clay <« Fy and ¢|as < F5 immediately concludes the proof.

2) By eq. 7 we have -y F = =y Fy V -y Fy. Furthermore by the
hypothesis on variable clashes in the FRT rule we have -y, F1 =
-y Fy and -y, Fy = v Fa, therefore -y F' = =y, Fy V =y, Fa. Now
the induction hypothesis 2) applied to ¢|a; < Fy and ¢|ag < Fs also
immediately concludes the proof.

We have o = —p(X) and F = ¢ x {—y S|—=p(X), —v F'|0} with ¢|p(X) <

F'and S C S(F').

1) Tfd=ecA-vFis A-satisfiable, then =y I/ is A-satisfiable, hence
by the induction hypothesis 2) applied to ¢|p(X) a F’ we get that
there exists ¢1|p(X) € F(P)~ such that -vF' = =¢ V ¢;. Thus
Yd=cA(meVe)=cAey.

2) Let us suppose that -y I is A-satisfiable. Let S = {s1|0, ..., s,,|0},
proposition 3.12 gives =y F' = =V \//L, 3Y;s; where Y; = V(s;)\ V.
Now by the induction hypothesis 1) applied to ¢|p(X) < F' we get
that there exists {c1|p(X), ..., em|p(X)} C F(P)* such that for all
1 <i<m, 3Ys; = ¢;. Thus =y F = =cV \/iL, ¢; with ¢;|p(X) €
F(P)*.

D3: We prove by induction on n that OT(P) D Tp | nt and O~ (P) D Tp | n~
for all n > 0. The base case n = 0 1s trivial. Let us consider the induction
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step.

Let ¢|p(X) € (Tp | n)*. There exists a clause with local variables Y’
p(X) — d|A1, ceny Am, _|Am+1, ceny _|An

for all 1 <4 < m there exists ¢;|4; € (Tp Tn—1)T forallm+1<j<n
there exists ¢;|4; € (Ip T n— 1)~ such that ¢ =3YdA A, ¢.

By induction we get that ¢; is a computed answer to the goal true|A; for all
1 <i < m and to the goal true|—A4; for all m+ 1 <i < n.

Hence by corollary 3.9, A, ¢; is a computed answer to

truelAy, ..., Ap, = Amyt, ..., 2 An.

By the instantiation lemma 3.5, we get that ¢ is a computed answer to the
goal d|A1, ..., Am, " Amt1, ..., 7 An, hence by the RES rule we get ¢|[p(X) €
O+ (P).

Let ¢|p(X) € (Tp 1 n)~. For any clause defining p in P, with local variables
Y,
p(X) — dk|Ak71, ceny Ak,mk, (s 7%

there exist ey 1|Ar.1, ., €k mulAbme € (TP Tn—1)7,

€hmut 1| Ak mutts o €hngl Ak ng € (Tp T n—1)%, where for all mj; +1 < j <
ng, 2 Ag ;j s a negative literal in «y, such that ¢ = VY3 (—dy V \/ZL:’C1 e 4) 18
A-satisfiable, and ¢ = A, ¢z is A-satisfiable.

By induction we have that for all 1 < ¢ < my, er; is a c.a.c. for the goal
true|— Ay ;. As the PRN rule is necessarily applied at the root, we have

tTU6|Ak7i < Fk,i

with €ri = _‘V(Ak,,)Fk,%
Similarly by induction we have that for all mpy1 < j < nyg, e ; is c.a.c. for
the goal true|Ay ;. Hence by the PRN rule, taking the singleton {e; ;|O} as
success set, we have

t?“u€|—|Ak7]' < Fkyj

with —ey, ;| Ag ; € Fi ;. By proposition 3.12 we get War )R = en e
Let B = ap \ Ut - Ay j, by lemma 3.7 and rule TRIV we have

j=mr+1

dk|Ak,1a "'ﬁAk,mk’ _'Ak,mk-l-la cey _'Ak,nkaﬁk < Fk

where Fy, = dj x X2 Fp; x {dg|Bk}. Note that by equation 7 we have
-xFy = VYk(_‘dk Vv \/?:kl ek,i) = Ck-
Now by applying the RES rule we get true|p(X) < F' where F' = | J; o Fi.
By equation 6 we have =xF = A, ¢; = ¢, hence by the PRN rule we get
clp(X) € O (P).
O
Full abstraction does not hold for non uniform derivations, however the full ab-
straction theorem 4.8, together with corollaries 3.16 and 3.20 show that non-uniform
derivations are nevertheless sound and complete w.r.t. the fixpoint semantics.
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Theorem 4.9. (Soundness and completeness of non-uniform derivations) @(P) C

F(P) and F(P) C O(P).

5. THREE-VALUED LOGICAL SEMANTICS

The main theorem of [17], extended to CLP programs in [26], characterizes the
three-valued logical consequences of the Clark’s completion with the finite powers
of Fitting’s operator <I>£:

Theorem 5.1 [17]{26]. Let P be a normal CLP(A) program and ¢ be a T, X, V-
formula, then P* th(A) =3 v iff o is true in ®f | n for some integer n.

In this section we show that the finite powers of Tp coincide with those of
Fitting’s operator <I>ﬁ as in [26], and thus, by the previous theorem, that the fixpoint
and operational semantics are correct and complete w.r.t. the three-valued logical
consequences of the program’s completion.

Proposition 5.2. If I is a finite partial interpretation then Tp(I) is finite.

Proor. Obvious from the definition of Tp. O
Corollary 5.3. For alln >0, Tp | n is finite.

Definition 5.4. A constrained interpretation I is closed by disjunction if whenever
clp(X) € 1, d|p(X) € I then there exists d|p(X) € I such that A= (cVe')—d.

Proposition 5.5. Let I be a partial constrained interpretation. If I~ s closed by
disjunction then so is Tp (I).

ProoF. Let ¢|p(X),d|p(X) € Tp(I). For any clause defining p in P, with local
variable Yy, p(X) «— Ag 1, ..., Ak my, @, where my > 0,

there exist {eg ,|Arr}rer € I, and {€} ..|Ag s trierr € 17, where R and R’ are
subsets of {1,..., my}, 7

there exist finite sets {ey ;| Ak s}ses C I and {e}, |4k s }sesr C IT where RNS =
0, NS =0 and forall j € SUS", =A;; isa negative literal in ay,

such that ¢; = VY (=di V V,crus ki), ¢ = YYi(~dp V \/jeR’US’ eﬁw») ¢ = As ;s
and ¢ = A, ¢}, are A-satisfiable (¢ = ¢/ = true if p is not defined in P)}.

Now for any clause defining p in P, let

{fritier ={erstses U {62751}51551 U{errtrer\r U {62,7«/}7«'63'\1% U {9k r}rernpr

where, as I is a partial interpretation closed by disjunction on false atoms, we can
define g, » for all r € RN R’ by choosing g »[Ay,» € I such that A = ey, Ve . —
Gk,r-

Let fi = VYi(=dr V Vicp fe), we have A = (¢x V ¢}) — fi, hence fi is
A-satisfiable. Let f = A, fp, we have A = ¢V ¢/ — f, hence f is A-satisfiable.
Therefore by definition of T we conclude that f|p(X) € 75 (I) with A | eve' — f.

O

Corollary 5.6. For alln >0, Tp T n 1s closed by disjunction on false atoms.

Corollary 5.7. F(P) (and O(P)) are closed by disjunction on false constrained
atoms.
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Lemma 5.8. [Tp(I)]a = ®A([I)4) for all finite partial interpretation I closed by
disjunction on false atoms.

ProoF. We consider both inclusions on positive and negative parts separately.

Cct:

Let ¢|p(X) € T (I), and 6 be any A-valuation of X such that cf is true.
From the definition of TILI' there exists a clause in P with local variables Y,

p(X) — d|A1, ...,Am, _|Am+1, ceny _|An

such that for all 1 < i < m there exists ¢;|A; € [T, forallm+1<j<n
there exists d;[4; € I7 such that ¢ = IY(d A A; ¢ A\ dj) is A-satisfiable.
Therefore there exists an A-valuation p which extends 6 to an .A-valuation
of the variables in Y such that (d A A; e; A \; dj)p is true. Hence dp is true,
Aijpe[It]aforalli, 1 <i<m,and Ajpe[I7Jaforall jy m+1<j<n.
Hence by definition of (®)* we have p(X)d € <I>ﬁ+([f],4) for all 8 such that
cf is true.

Let ¢|p(X) € T (1), and 0 be any A-valuation of X such that cf is true.
For any clause in P defining p, with local variable Y%,

p(X) — dk|Ak71, ceny Ak,m, A,

there exists {ex 1|4k 1, .., €k m|Arm} C I,

there exists {ex mt1 Ak mt1, - €k nldrn} € IT, where for allm+1 < j < n,
— Ay ; 1s a negative literal in oy,

such that ¢ = VYj(—dy V \/[_, ex,i) is A-satisfiable, and ¢ = A, ¢} is A-
satisfiable.

Therefore for any clause defining p in P, and any .A-valuation p; extending
@ to an A-valuation for the variables in Y}, we have

either dgpy false,

or ey ;pp true for some 1 < ¢ < m, in which case A;pr € [I7]4,

or ey jpi true for some m +1 < j < n, in which case A;p; € [IT]4.

Hence by definition of (®#)~ we have p(X)§ € @4 ([I]4) for all 8 such that
cf is true.

Let p(X)0 € <I>ﬁ+([I]A). There exists a clause in P with local variables
Y, p(X) — d|A1, ..., Am, " Ams1, ..., 7 Ap such that df is true and for all
1<i<m, m+1<j<n, Af €[IT]4 and 4;0 € [I7]4.

Hence for all 1 <i<m, m+1 < j <n, there exist ¢;|A; € I't, dj|4; € I,
such that ¢;0 and d;0 are true. Hence ¢ = Y (dAN, ci/\/\j d;) is A-satisfiable
(by 6), and from the definition of 77 we get ¢|p(X) € T3 (I).

Let p(X)0 € @A ([I]a). From the definition of ®f4, for any clause in P
defining p, with local variable Y3, p(X) — dg|ag, and for any A-valuation
01 extending € to the variables in Y}, we have

either d;0; false,

or Al € [IT]4 for some negative literal =4 in a4, in which case there exists
c|A € It with cfy, true,

or A8y € [I7].a for some positive literal A’ in ag, in which case there exists
d|A" € I~ with '8y, true.

Let us consider the classes of all constrained atoms taken in /=~ and IT, for
all A-valuations extending 6 to the variables in Y;. By hypothesis I is finite,
thus these classes are finite sets, say {cx 1|4k 1, ...,k n|Akn,} C IT where
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= Ag 1, oy 7 Ak ny, are negative literals in ag, and {c} 1|4} 1, ..., ¢; AL 0} C
I~ where A |, ..., A ., are positive literals in ay.

Let {Ag npt1y oo Armyf = {44, | 1 <i < n'}. As I is closed by disjunction
on false atoms, there exists {cg n,+1|Ak ne+1, o) Cmp | Ak,my } € I~ such that
for all ¢f ;[A} ;, 1 <@ < n' there exists a j, nj +1 < j < my such that
Ay =Apj and A ¢ — e .

Now let ¢, = VYj(—dy V \/T'L:k1 ¢r,i). For all k, ¢@ is true, hence ¢ = A ¢y is

K3

A-satisfiable and from the definition of Tp we get ¢|p(X) € Tp (I).

O
Theorem 5.9. For alln >0, [Tp | nja = @4 | n.

ProoF. By induction on n. The base case n = 0 is trivial. For the induction step,
we have [Tp T nla = [Tp(Tp | n—1)]4. By corollary 5.3 and 5.6, Tp T n—1
is finite and closed by disjunction on false atoms, hence we get by lemma 5.8,
[Tp T nJa = ®4([Tp T n — 1]4). Therefore by the induction hypothesis we conclude
[Tp I n]la=2(@p In-1) =3 1n O

Corollary 5.10. For alln > 0, <I>ﬁ 1 n has a finite cover.

Theorem 5.11. (Correctness and completeness of the firpoint semantics w.r.t. the

logical semantics) F(P) C L(P), LY(P)C; FY(P) and L~(P) C F~(P).

ProOF. Let ¢c|A € FT(P), then ¢|A € Tp | nt for some integer n, by theorem
5.9 for all A-valuation p s.t. A |= cp we have Ap € ®A | nt, so ¢ — A is true in
®4 1 n, hence by theorem 5.1 we get P* th(A) =3 ¢ — A, thus ¢|A € LT(P). The
proof that F~(P) C L~ (P) is similar.

Conversely, let ¢|p(X) € L+ (P), by theorem 5.1, YX (¢ — p(X)) is true in @4 | n
for some n, thus by theorem 5.9, it is true in Tp | n for some n. Now as Tp | n
is finite (corollary 5.3), there exists {di|p(X),....,dx|p(X)} C Tp 1 n such that
AEc— \/f:1 di,so LT(P) Cf F*(P). We prove similarly that £~ (P) C; F~(P),
yet by corollary 5.7 we get L~(P)C F~(P). DO

Corollary 5.12. F(P) provides a fizpoint characterization of Kunen’s logical seman-
tics.

PrRoOOF. Given a (partial) constrained interpretation I let us denote by T its closure
by finite disjunction (¢V d|A € T whenever ¢|A € I and d|A € I) and by entailment
(d|A € T whenever ¢|A € T and A = d — ¢). We have L(P) = F(P).

Note alternatively that the least fixed point of the operator TH(I) = Tp(I) is
equal to L(P). O

Theorem 5.13. (Correctness and completeness of the operational semantics w.r.1.
the logical semantics) O(P) C L(P), LY(P) Ty OF(P) and L~(P)C O~ (P).
Similarly O(P) C L(P), LY(P)C; OY(P) and L~(P)C O~ (P).

ProOF. By theorems 5.11 and 4.8 (resp. 4.9). O

6. COMPARISON WITH OTHER WORKS

The constructive negation scheme of Chan [7] for logic programs, and Stuckey [26]
for constraint logic programs, relies on a transition relation over explicitly quantified
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complex goals. The transition relation is defined by the usual SLD resolution rule
for positive subgoals and by the following constructive negation rule CN for complex
subgoals:

CN: (ca,(-3Y B),a') — (cAc¢jla, ]/»,o/)

for each j € J where \/jEJ ¢j A B} is a disjunctive normal form of A g =375 (c A
dir A Br) and where {c Ady|ag trex is a frontier in a SLDCN derivation tree for ¢|g.

Not only the constraints but also the goals in the frontier of an auxiliary deriva-
tion tree are thus transformed into disjunctive normal form and reinjected in the
resolvant at each resolution step with a negative subgoal. This makes the scheme
hardly amenable to a practical implementation for normal CLP programs in all
generality.

The compilative version proposed by Bruscoli et al. [5], named intensional nega-
tion, performs all disjunctive normal form transformations once and for all at com-
pile time, but still all quantifiers need be explicit at run time and derivation rules
need be defined for complex goals. The practical advantage of constructive negation
by pruning is that it relies on standard SLD derivation trees for definite goals only.
The only extra machinery to handle negation i1s a concurrent pruning mechanism
over standard SLD derivation trees. It is remarkable that the exploitation of con-
currency in the development of SLD derivation trees is sufficient to build a complete
scheme for negation. This is the case also for the fail answers approach proposed
recently by Drabent in [8] for normal logic programs, building on earlier work by
Maluszytiski and Naslund [22]. Drabent’s execution model is essentially equivalent
to constructive negation by pruning in that case, the success by pruning rule is a
special case of the fail answer approach, we believe that both schemes define in fact
the same set of computed answer substitutions for normal logic programs.

If we look at the nesting of negation, we can see that the effect of doubly negating
a goal is to collect in a single answer constraint all the successes found for the pos-
itive goal. Corollary 5.7 shows that the computed answer constraints for negative
goals are closed by disjunction, thus a simple way to obtain a strong completeness
result w.r.t. the logical semantics (i.e. £L(P) C O(P) instead of L(P) Ty O(P)) is
to put double negations on positive goals. On the other hand, in the intensional
negation scheme double negations are eliminated by simplification. In this respect
our scheme is nearer to the one of Chan and Stuckey.

The closure by disjunction property for negative literals can be seen also as
a drawback as at some point in the execution all the current information on a
negative literal need to be handled by the constraint solver. A general solution
to this problem 1s to exploit the trade-off there is between the constraint solver
and the non-deterministic derivation system. This is possible if the structure A4
is admissible [26] (cf. section 2.1), in that case the language of constraints need
not even be closed by negation. Constructive negation by pruning can be adapted
mainly by changing the definition of —y F'. The negation of the projection of the
constraints in a frontier F' = {e1]aq, ..., eplan} over a set of variables V' is then no
longer a constraint but a frontier defined as:

—vF ={d1|0,...,dy |0} x .. x {dp 1|0, .. dn g, |O}

where A = VV(-3Y;;(V)Y;) — 3Zi(d;a V...V d;y,)) forall 1 < i < n. This
change amounts to replace in the procedural interpretation the pruning by success
rule by a check of satisfiability with at least one of the disjunct, and the success by
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pruning rule by the creation of a success for each satisfiable disjunct.

Another possible drawback of constructive negation by pruning is that once a
derivation tree is developed for a negative literal it receives no more information
from the resolution of the positive part of the goal. This is the price to pay for
having a single derivation tree for a negative literal instead of duplicating resolution
steps at all its occurrences. Many optimizations can nevertheless be imagined, such
as sending back for pruning in the auxiliary tree the constraints which are entailed
by the frontiers in the main tree.

On the theoretical side constructive negation was proved correct and complete
w.r.t. Kunen’s logical semantics by Stuckey for consistent fair computation rules
[26]. Similar results were obtained for intensional negation [5] and by Drabent [8].
None of these schemes however were provided with a fixpoint semantics. The full
abstraction theorem given for constructive negation by pruning allows to analyze
and transform normal C'LP(A) programs by reasoning at the fixpoint semantics
level of abstraction while preserving the program equivalence based on the obser-
vation of computed answer constraints. Note that a similar result is conjectured in
[3]. Note also that the full abstraction result has been obtained without fixing a
resolution strategy, it holds w.r.t. the computation of all frontiers in uniform deriva-
tion trees. This left open the problem of giving a fully abstract fixpoint semantics
under specific strategies, such as breadth-first [26].

7. VARIATIONS ON A SCHEME FOR OPTIMIZATION PREDICATES

Because of their importance in CLP programming practice, most constraint logic
programming systems, such as CHIP, CLP(R), Prolog IIT or Ilog Solver, include
various constructs for searching not all solutions but only best solutions, i.e. optimal
w.r.t. an objective function. The basic optimization procedure currently used in
CLP systems is a variant of the branch and bound procedure, where constraints are
used to prune the search space [28] [23]. That procedure can be used to find optimal
solutions of the top-level query w.r.t. an objective function, but it becomes unsound
when applied to subgoals of the program. The extension of CLP languages with
optimization predicates 1s an important issue to solve multi-criteria optimization
problems and modelize multi-component systems for which several optimization
goals have to be combined in the query and/or the program. The problem is to
reconciliate the evaluation procedures for optimization goals with the declarative
semantics of CLP, and its properties of compositionality.

In this section we relate several forms of optimization within CLP languages
to special classes of CLP programs with negation, and we derive from the gen-
eral scheme of constructive negation by pruning different execution models which
are complete w.r.t. the Kunen’s three-valued logical semantics of the program’s
completion.

First we define the constraint minimization problem that the constraint solver
is assumed to solve, and the basic branch and bound procedure used for query
optimization w.r.t. an objective function.

7.1. Constraint Minimization

We consider the case where the constraint solvers can treat minimization problems.
A constraint minimization problem has the form
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minimize ¢

subject to ¢
where ¢ is a X, V-term and ¢ is a constraint. Our most general assumption is that
(A, <) is a partial order and that the constraint minimization problem in A is
decidable and is in fact expressible in the constraint language. More precisely we
no longer assume that the language of constraints is closed by negation but by the
following more restricted optimization expressions:

for any constraint ¢(Y) and any term f(Y), the formula =(IY ¢(Y)A f(V) <
F(X)) where X NY = () is also a constraint of the language.

In this way the constraint minimization problem can be expressed by the con-
straint ¢(X) A=(FY (V) A f(Y) < f(X)). Note that an optimization expression
is satisfiable if the set of values of f(Y) under constraint ¢(Y) admits a lower
bound, not necessarily a minimum. If that set admits a greatest lower bound,
noted v = glb.y)f(Y) = glb{f(Y)p | A |= cp}, then one can easily check that
the optimization expression is A-equivalent to the simple constraint v £ f(X), i.e.
F(X) <wif Ais atotal order.

The execution models we describe in the following sections for goal optimization
in CLP languages can be easily adapted to the general setting of partial orders,
however for sake of clarity we shall present these execution models in the simpler
setting of total orders where constraints define closed sets so that constraint mini-
mization problems are either unbounded or admit « minimum (not only a greatest
lower bound). Under these assumptions we shall note

min.t = min{tp | A = ep}

the minimum value of term ¢ under constraint ¢, if it exists, if it doesn’t exist then
the term ¢ is unbounded in ¢.

A typical example of these assumptions is provided by C'LP(R) systems where
the Simplex algorithm used for linear constraint satisfaction can be used as well
to solve the linear constraint minimization problem [16]. For constraints over fi-
nite domains, constraint minimization in all generality involves enumeration. Note
however that the domains of the variables in Y can be used to bound the mini-
mum value of f(Y"). Furthermore for some fragments of the constraint language for
which arc-consistency algorithms are complete, e.g. conjunctions of linear inequal-
ities over two variables, and for some objective functions, e.g. monotone functions,
the constraint minimization problem can be solved without enumeration [29] [14].

7.2. Query Optimization

The optimization of a top-level query G(X) w.r.t. an objective function f(X) can
be achieved with a simple pruning mechanism on the derivation tree of the query
[23] [28]. The main procedure is a variant of the branch-and-bound procedure,
pictured in figure 4. Once a successful derivation is found for the query G(X), say
with answer constraint ¢, then the optimal value v of the objective function f is
computed for that derivation, v = min. f(X), and the tree is pruned by adding the
constraint f(X) < v. If v doesn’t exist it is a failure, otherwise whenever the tree
gets finite after pruning, the last computed cost v gives the optimal cost, then the
(possibly infinite) set of successful derivations leading to optimal solutions can be
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G(X)
pruning
f(X) <o
c|O
v =min.f(X)

FIGURE 4. Query optimization by pruning.

enumerated by SLD resolution with the goal f(X) = v|G(X).

There are some problems however to use the branch and bound procedure recur-
sively for optimization goals, noted minimize(G(X), f(X)) where G(X) is a goal
and f(X) is a term to be minimized (i.e. the objective function). The difficulty
can be illustrated by the following non-logical behavior well-known in current CLP

systems:
p(X):- X>=0.
q(X):- X>=1.
? q(X), minimize(p(X),X).
X=1
? minimize(p(X),X), q(X).
fail

The problem comes from the interaction between the constraints imposed on
X by the optimization subgoal and those imposed on X by the other subgoals.
Whether the later should affect or not the optimization process is a choice of se-
mantics for the optimization predicate, in the example the operational behavior
corresponds to a different choice made according to the order of evaluation. One
can thus define two kinds of optimization higher-order predicates: global optimiza-
tion predicates (cf. def. 7.1), which define the optimal solutions to the goal passed as
argument, and local optimization predicates (cf. def. 7.6), which define the optimal
solutions to the goal passed as argument relatively to a set of protected variables
When the protected variables are further constrained by the context the optimal
solutions w.r.t. this space are retained, whereas in the global optimization approach
the globally optimal solutions are simply filtered by the added constraints. Under
the global optimization semantics, the correct answer in the example is fail, and
X =11is a correct answer to the goal minimize((p(X), ¢(X)), X).

In [9] and [24], it is shown that both kinds of optimization higher-order predicates
can be provided with a faithful logical semantics based on constructive negation.
In the next section we show how constructive negation by pruning specializes to
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a complete concurrent branch and bound like procedure for global optimization
predicates.

7.3. Global Optimization Predicates

Definition 7.1. Let (A, <) be a total order. The (global) minimization higher-order
predicate

minimize(G(X), (X))

where G(X) is a goal and f(X) is a term, is defined as an abbreviation for the
formula:

GO A-FY(Y) < F(X)AGY))

A pCLP(A) program is a definite CLP(A) program which can contain mini-
mization predicates in clause bodies.

pC'LP programs allow for the arbitrary composition of optimization subgoals
in a program and for the recursive definition of predicates through their optimal
solutions. pC'LP programs can be transformed into normal CLP programs with
the standard transformation rules [19], i.e. by writing minimize(G(X), f(X) as:

G(X), ~gf(X)

where gf 1s a new predicate symbol, and by adding the following clause to the
program:

9f(X) = J(Y) < [(X|G(Y).

The transformation shows that uC'L P programs can be executed, in principle, with
a complete scheme for negation. We shall show here the completeness of a much
simpler concurrent branch and bound like procedure.

To resolve a goal of the form

elminimize(G(X), f(X)), «

the idea is to develop two SLD derivation trees, one ¥ for ¢|G(X), o, and one
U, for ¢ A (V) < f(X)|G(Y). Once a successful derivation is found in ¥, say
with answer constraint d, then ¥, is pruned by adding the constraint f(X) < v if
v =mingf(Y) exists, false otherwise. Once a successful derivation is found in ¥y,
say with answer constraint e, then ¥; and ¥5 are pruned by adding the constraint
F(X) <wif w=min,f(X) exists, false otherwise. We get a successful derivation
for the minimization goal when we get a successful derivation in ¥; and W, is
finitely failed. The minimization goal gets finitely failed if ¥; gets finitely failed
after pruning. Figure 5 illustrates the mutual pruning mechanism.

Note that in the previous case of query optimization the context is empty, ¢ =
true, o = O, hence both SLD trees ¥; and ¥, can be taken identical up to variable
renaming. The mutual pruning mechanism of the optimization scheme can thus
be simplified into a single pruning operation as described in the previous section.
This is no longer possible if the goal contains a constraint or an atom outside the
minimization predicate.

Frample 7.2. Consider the pnCLP(R) program
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e|minimize(G(X), f(X)), &

c|G(X), o A FY) < FIXIGY)

v, pruning v,

pruning
f(X)<w
[ ] [ ]
elO d|o
w = min, f(X) v=mingf(Y)

FIGURE 5. Subgoal optimization by pruning.

p(X):- X=0.
p(X) - X>=1, p(X).

and the goal X>=1[minimize(p(X),X). The first SLD tree for X>=1/p(X) is in-
finite. The second SLD tree for X>=1,Y<X|p(Y) contains a success with answer
constraint Y = 0. The first tree is thus pruned with the constraint X <0, hence
it gets finitely failed and the answer to the minimization goal is no, in accordance
to the logical semantics.

Note that the optimization procedures described in [28] and [9] loop forever
on this example. This shows the difficulty to define a complete scheme for op-
timization w.r.t. logical failures, and w.r.t. successes as well when minimization
predicates are nested.

Now the completeness of that procedure can be proved by specializing the prin-
ciple of constructive by pruning to optimization goals in uC'LP programs. As the
negative literals in the translation of a pC'L P program all come from optimization
predicates we can equivalently replace the PRN rule by the following OPT rule for
nC' LP programs:

c|G(X) a Fy o, (V)< F(X)|IGY) «a Fy
elmin(G(X), f(X)) < ¢ x Fy x {7y S|min(G(X), f(X)), —vF2|0}

OPT:

where S C 8(Fy), V=V(c)UX and Y NV = 0.

It is easy to see that as the variables X and Y are related by the constraint
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F(Y) < f(X) solely, the negation of constraints involved in the OPT rule amount
to a simple form of constraint minimization:

Proposition 7.3. (negation of constraints as constraint minimization) In the OPT
rule for all dlo € Fy, let Z = V(d)\'V, if v = mingf(Y) exists then A |=
(¢ A=3Z d) — (e A f(X) <), otherwise e A—3Z d is A-unsatisfiable.

Proor.

AsYnNnV =0wehaveY C Zandd=cAf(Y) < f(X)Ad(Z). If v = mingf(Y)
exists then we have v = ming(z)f(Y) thus A | (¢ A =37d) < (¢ A f(X) < v).
If mind(nyyz)f(Y) doesn’t exist then, under our assumptions on the constraint
language, f(Y) is unbounded over d(X,Y, 7), thus for any value v, the constraint
F(Y) < v Ad(7Z) is A-satisfiable, therefore ¢ A -37d is A-unsatisfiable. O

The OPT rule can thus be interpreted procedurally with both a pruning by
success rule (PBS) that prunes the main tree with the constraint f(X) < v where
v 1s the optimal value of the objective function for a success in the auxiliary tree
(prune with false if v doesn’t exist), and with a success by pruning rule (SBP)
that negates frontiers in the auxiliary tree once a successful derivation is found in
the main tree. It is worth noting however that the computation of frontiers is not
necessary in this context, the following proposition shows that the SBP rule can
be replaced by a reversed pruning operation and by a check for finite failure in the
auxiliary tree.

Proposition 7.4. In the OPT rule, suppose d|0 € S(Fy), if w = mingf(X) exists
and (f(X) <w)x Fo =0 then A E (dA—xF2) « (dA f(X) < w) otherwise
dA—xFy is A-unsatisfiable.

ProoF. Remark first that due to the similarity of the goals in the premises of the
OPT rule, if f(X) can take two values v < v’ under constraint d, then f(Y) can
take value v under constraint e for some e|a € Fy.

If w = mingf(X) exists and (f(X) < w) x Fo = 0 then for all ela € Fy
AEe— f(Y)> w, thus A |E (dA f(X) < w) — (dA—-xF3). Furthermore by (the
contrapositive of ) the previous remark we have A = (dA-xF2) — (dA f(X) = w).

Otherwise, either ming f(X) doesn’t exist, in which case by the previous remark
d A —x Fy is A-unsatisfiable, or (f(X) < w) x Fa # (§ in which case there exists
ela € Fy such that eA f(X) < wis A satisfiable, thus dA=37 e where Z = V(e)\ X
is A-unsatisfiable, and so is d A —x F. 0O

Note finally that given a successful derivation with constraint d in the main
tree such that w = ming f(X) exists, even if the auxiliary tree doesn’t get finitely
failed by pruning, both the main tree and the auxiliary tree can be pruned with
the constraint f(X) < w as we already know the there will be a similar successful
derivation in the auxiliary tree with f(Y) = w. This provides evidence that the
procedure given in the introduction of this section is a sound procedural interpre-
tation of the principle of constructive negation by pruning. As the transformations
preserve the equivalence with the general scheme, the completeness results of the
previous sections continue to hold:

Theorem 7.5. Let P be a pCLP program. The fizpoint semantics F(P) is fully
abstract w.r.t. the answer constraints computed by rules TRIV, RES, FRT and
OPT. The operational semantics based on rules TRIV, SLD and OPT is sound
and complete w.r.t. the logical semantics L(P).
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7.4. Local Optimization Predicates

The optimization predicates defined in [9] or [24] are more general than those con-
sidered in the previous section as they allow to protect a set of variables in the goal
subject to optimization. The effect is to localize the optimization to the remaining
variables, and relativize the result to the set of protected variables.

Definition 7.6. The local minimization predicate
minimize(G(X,Y),[X], f(X,Y))

where [X] is the sel of protected variables is defined as an abbreviation for lhe
formula

GX,Y)AN-3Z(f(X,2) < f(X,)Y)ANG(X, 2)).
The local mazimization predicate ts defined similarly.

Ezample 7.7. Local optimization predicates can be used to express the min-maz
method of game theory with the following goal:

mazimize (minimize ((move(X,Y),move(Y,2)),[X,Y],val(2)), [X],val(2)).

Note that protected variables are necessary in this example to conform to the
intended semantics.

The previous execution model for optimization predicates is not correct for local
optimization predicates. This is not surprising as it is easy to see that any normal
logic program can be encoded as a C'L P program with local optimization predicates
in place of negations. Therefore there 1s no hope to fundamentally improve a general
scheme for negation in the context of local optimization predicates.

Proposition 7.8. Any normal logic program is equivalent to a CLP program con-
taining local optimization predicates in place of negative literals.

Proor. Given a normal logic program P and a normal goal (& let us consider the
CLP goal G and the C'LP program P over the Herbrand domain and the natural
numbers (Presburger arithmetic) obtained by replacing each negative literal —p(X)
by

maximize(q(X,y), [X],y)

where ¢ 1s a new predicate symbol and y a new variable, and by adding the clauses
q(X,0).

(X, y) = p(X).

One easily checks (by unfolding) that F*,C’ET Es mazimize(q( X, y),[X],y) <
y = 0 A—p(X), therefore we get P* =5 3G iff PN Es3G. O

The general principle of constructive negation by pruning can be used to interpret
local optimization predicates, but now constraints need be negated in addition to
be minimized (see figure 1). In its general form the procedure based on constructive
negation by pruning may be very inefficient, however it can be simplified under some
assumptions and can be used as a reference frame to prove the correctness of other
procedures. For instance if the optimization goals are delayed until the protected
variables get instantiated, then we can clearly rely on the procedure of the previous
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section, thereby eliminating the need of negating constraints. This strategy is used
in [24] with an incomplete scheme for global optimization predicates based on the
basic branch and bound procedure, but if we replace it by the procedure of the
previous section then we get a completeness result for local optimization predicates
under the assumption of non-floundering.

It is also possible to design an alternative bottom-up evaluation procedure based
on the immediate consequence operator Tp. Here again the direct implementation
of the Tp operator is certainly very inefficient, but it can be optimized in many
ways and can be a useful tool in some applications where at least a part of the
optimization process should be processed bottom-up.

Note finally that constructive negation can be used as well to interpret directly
preference predicates over solutions defined by CLP programs, that is to evaluate
goals of the form

G(X) A=Y (G(Y) A better(Y, X)).

where better is a user-defined preference predicate. This form of optimization, called
relational optimization, doesn’t need to encode preferences by objective functions,
it is discussed and illustrated by one application in [11].

8. CONCLUSION

The principle of constructive negation by pruning (CNP) provides a correct and
complete operational semantics for normal CLP programs w.r.t. Kunen’s three-
valued logical semantics. CNP is the first scheme to receive a fixpoint semantics
which fully characterizes the operational behavior of normal CLP programs w.r.t.
computed answer constraints. This generalizes the s-semantics approach [4] to
normal CLP programs, and allows to model finite failure for definite CLP programs.
Furthermore, the fixpoint semantics is based on a continuous finitary version of
Fitting’s operator which is interesting to study in its own right. We have shown
that it provides a fixpoint characterization of Kunen’s semantics.

Under this interpretation the operational semantics of normal logic programs is
similar to the one of Drabent [8]. The operational semantics has been defined here
with a frontier calculus which reflects the simplicity of the scheme: there are no
complex subgoals with explicit quantifiers, no formula transformation at run-time
or compile-time, only pruning over concurrent standard SLD derivation trees. It
is remarkable that exploiting concurrency in the formation of standard SLD trees
is sufficient to build a complete scheme for negation. This is an example of the
potential power of concurrency in proof theory. We believe that CNP can lead to
a practical scheme for handling negation in CLP systems. Of prime importance
is the study of fair computation techniques and of efficient constraint solvers for
constraint systems with negation over finite and infinite trees, linear arithmetic,
finite domains, order-sorted domains, etc. In the context of global optimization
higher-order predicates we have shown that constraint minimization is the only
required extension of the solvers, and that CNP specializes to a concurrent branch
and bound like procedure, without frontier computation in SLD trees.

Ongoing work concerns on the one hand the natural extension of the class cc
of concurrent constraint programming languages [25] with constructive negation
by pruning and optimization higher-order agents [10], and on the other hand the
bottom-up abstract interpretation of normal CLP programs based on operator Tp.
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