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Analog Computations with
Chemical Reaction Networks (CRN)

CRN: ODE Input: a, b Initialization: x=y=z=r=c=0
k1*a for a => x+cC da/dt=-kl.a Output: c

* _ db/dt=-k2.b -
(D IOrD=>Y+e =K.k x.y
KIXTYTOr Xty =>2 G /dt=k2 b-k3.x.y
ka*c*zfor c+z =>r  dz/dt=k3.x.y-kd.cz
dr/dt=k4.c.z E :
dc/dt=k1.a+k2.b-k4.c.z | =

--------------------------------------

Time

Computed function at steady state:
¢(>=)= max(a(0),b(0))
Theorem [F, Le Guludec, Bournez, Pouly CMSB 2017]

A real function is Turing-computable (in Ptime) if and only if it can be computed by
a CRN over a finite set of molecular species (with polynomial length trajectories)
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Rate-Independent CRN Computation

Input: a(0)=3 b(0)=1 Result c*=3 independently of the reaction rates
k1=0.1, k2=10.0, k3=1, k4=100.0: k1=0.1, k2=0.1, k3=0.1, k4=0.1:

The 1/O function computed by that CRN structure is independent of the kinetics

a => x+cC
b =>y+cC
Xty =>

C+7z=>r
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c*=max(a(0),b(0)) = a(0)+b(0)—-min(a(0),b(0))
x* = max(0,a(0)-b(0)) ‘@@g@@@g%
y* = max(0,b(0)-a(0)) e S
r* = min(a(0),b(0)) \\«@ @g“
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Mathematical Characterization of the
Functions Computed by Rate-Independent CRNs

Theorem [Chen-Doty-Soloveichik 2014 ITCS]

A real function is computable by a rate-independent CRN if and only if it is positive-
continuous piecewise linear with rational coefficient.

Theorem [Chalk Kornerup Reeves Soloveichik 2018 CMSB]
A real function is computable by a composable CRN if and only if it is

superadditive positive-continuous piecewise rational linear. @@@@%
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Simple Rate-Independent CRN Structures

A=>B
output B: computes the identity function B(«)=A(0)+B(0) rate-independent !
output A: computes the zero function A(~)=0 rate-independent !
A=>C jo\
\es>
B=>C \,\a\‘m
output C: computes the sum C(~)=A(0)+B(0)+C(0) rate-independent
output A: computes the zero function A(~)=0 rate-independent !
C=A

GorR
C==>8B %@«mm\\

output A: computes A(oo):%C(O)+A(O) not rate-independent !
C=>A 1 g cireutt
Wit @
C=>8B \esS {0(\(
B=>C Har™
output A: computes the sum A(«)=C(0)+B(0)+A(0) rate-independent !
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Rate-Independent CRN Structures

A+B =>C
output C: computes C(«)=minimum(A(0),B(0))+C(0) rate-independent !
output B: computes B(«)=max(0,B(0)-A(0)) rate-independent !
C=>A+B
output A: makes copies A(~)=C(0)+A(0) rate-independent !

A=>X+C
B =>Y+C Rate-independent on all species, why ?
X+Y =>
C+/=>R
Definition A funnel CRN is a CRN that is:
— fork-free on species nodes
— circuit-free
— synthesis-free
Theorem A funnel CRN is rate-independent for any output species.
Sufficient condition, not a necessary condition (e.g. harmless fork with circuit)

rd
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Global Rate-Independence Condition

Lemma The structure of a funnel CRN C is a DAG with no reaction source node
Lemma All steady fluxes of a funnel CRN C are equal to O.
Proof: by induction on the topological order of the graph.

Definition We shall denote x*; the total amount of species x; available in an
execution of the corresponding ODE system.

+00 dx-l_ +oo
deds [ Sr=de [ Y (BBl
’ P> Ry(a)
Theorem The ODE system associated to a funnel CRN has a single steady
state x* that does not depend on the kinetic functions f; of C.
Corollary A funnel CRN is globally rate-independent for all species.

Theorem Any function computable by a rate-independent CRN is computable by
a funnel CRN.

Proof: by Chen-Doty-Soloveichik’s characterization and Ovchinnikov’'s max-min
representation of piecewise linear functions
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Rate-Independence for « Persistent » Outputs

The harmless-fork-with-circuit CRN is rate-independent on outputs A, B, C
C=>A C=>B B=>C

Def. A species x

* is aproduct of a CRN if it can only increase: Vi R;(x) < P;(x)

« Is structurally persistent if it is covered by a P-invariant S,Vi S.R; = S. P;, and
does not belong to a critical (gets empty) siphon (when empty remains empty)

Theorem. Any CRN is rate-independent on its structurally persistent products.
Proof: P-invariant covering ensures boundedness and convergence for products.
The species reaching 0 are localized in siphons and exclude persistent outputs.

Implemented in BIOCHAM using Constraint Logic Programming for computing
P-invariants and siphons [Nabli, Martinez, F, Soliman 2016 Constraints]
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Evaluation on — = =
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590 CRNs from SBML models B v 2 P )
(many not well-formed CRNS) [ = o] I 2
[F Gay Soliman 2011 TCS] BN ¢ 0 N : 3
m 16 16 4 2 1 - IL13_DecoyR 2.071

94 with rate-independent products B & 5 0 b s e w
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Conclusion

« Graphical conditions to ensure rate-independence of a CRN on all species
— « funnel » CRN structure: fork-free, circuit-free, synthesis-free

« Graphical condition to ensure rate-independence on CRN product species
— Non-standard use of Petri Net notions of P-invariant and siphon
— NP-hard problems implemented in BIOCHAM by Constraint Logic Programming

« Scales-up to models in BioModels
— Few timeouts for models with a hundred of species or reactions
— Possible improvements using SAT solvers

* Theory of analog computational complexity beyond Ptime characterization?
— Computational complexity class of rate-independent CRNs?
— Low time complexity class of funnel CRNs?
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Perspectives

« Rate-independence by design for Synthetic Biology
— Graphical constraints for CRN design

Constraint-based synthesis method

* « Morally » rate-independent CRNs

CMSB 2020

Rate-independent CRN kernel
Plus reverse reactions breaking formal rate-independence (limited robustness)
Boolean function CRNs for diagnosis [Courbet Amar F Renard Molina 2018 MSB]
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